AD-A098  072  PITTSBURGH  UNIV  PA  INST  FOR  STATISTICS  AND  APPLICATIONS  F/6  12/1 

CHARACTERIZATIONS  OF  GENERALIZED  MARKOV-POLYA  AND  GENERALIZED  P— ETC<U> 
FEB  81  K  G  JANAROAN  t  B  R  RAO  FA9620-79-C-0161 

UNCLASSIFIED  TR-81-03  AFOSR-Tr-BI-0386  NL 


FILE  copy  /ID  A  0  9 


&* 

o 

cc 


/  iSFOSRLtra-  ■  -  0  3  8  6/ 

LEVEL® 

^  CHARACTERIZATIONS  OF  gEN  ELLA  LIZ  ED  MARKOV-POLY A  AND 
GENERALIZED  POLYA- KGGKNBERG1-  II  DI  STIfl  HUTTONS, 


X 


/ 

K.  G.  /.In nnrrlan* 
University  of  tHTTstrirryh 
and 

B.  Ra.jn  Ran 

University  ('ll  I'  i  t't.sburtrh 


i 


|  Fobrw*ry  H-9S  l 
Technical  Report  No.  SI -03 


Institute  for  Statist  ics  and  Appi  ic.nt 
Department  of  Mathematics  and  Stal  is 
University  of  P  i  l  t  s!  at  rph 
Pi  t.  tshurtth  .  PA  LARGO 

,  •  '  •  /  •  i 


r  cc  KWSSfSSl  IS  SCST  Cl”; FT 7?  TSimUSZM* 
00r"Y  TUHSI5HED  TO  DDC  Cd-  TiOkiS)  A 
Btcarif  I  CAST  SUJfBER  OF  PAGES  VTHiaa  D0  *°» 
fcX-aOJKlCi  I’G 1 81Y . 


ions 
I  i  r  s 


DTIC 

ELECTEj 

APR  2  3  1981 


F 


*0n  Sabbatical  leave  front  Sanganon  Stale  Rniversi  ty,  Spring- 
field,  IL  62708 


Part  of  this  work  is  sponsored  by  l he  A i r  Force  01 
Scientific  Research  under  Contract  H^P. 

duction  in  whole  or  in  part  is  permit  ted  tor  any 
of  the  United  States  Government.  ,  - 

7?’  c-a/t/ 


'ice  of 
Re pro - 
pit  r  pose 


DISCLAIMER  NOTICE 


THIS  DOCUMENT  IS  BEST  QUALITY 
PRACTICABLE.  THE  COPY  FURNISHED 
TO  DTIC  CONTAINED  A  SIGNIFICANT 
NUMBER  OF  PAGES  WHICH  DO  NOT 
REPRODUCE  LEGIBLY. 


REPCItT  docum 


AFOSR-TR-  8  1  -0386, 


Af  f  t  '.'.Id'i  HM  f  »  « 


K'l  Mi  INS  I  ,  *  “• 
III  i  mi.  |  r  i'mi  i  i  ,  :*.f,  i 


g  D-tcwr  7X 


4  T  |  1  l.  f  ,  nn.t  H»\ 


*,  '  til  ( *  »  nt  Cf.ij  '  A 


Characterisation;;  of  C.  ncr.il  i  md  ii.irl.ov-io  I  va  am 
Generalised  i’ol  yn-f’gp.cnhorp.or  ai  .iiil  ut  ion*-. 

7  AUTHORS 


Js'rtT/sn 


■  i. .  1 <  i  i  • 


Ii.  G.  .Tanai  dan  r,  ;;  ,  ja  'fno 


F'»9f>rO-79-C-£ri  f>  1 


*\  r  r  ri  r  inuifji,  o«t< .  a  *i*  a  t  *  >»<  n  am  i  a  up  a  r  *i  »i  i  c\ 

Ut)  LVe  r.s  i  t  V  e  I  r  i  1. 1  M  i 
dept-  •  «>r  .'nth.  :  t.  t  i  ■  ;  ■ . 

_ 1 — L  LLaalit;,,-  i  .1  .h  ill 

>i  rft»|Tnci  l  it,  f'1  mi'I  >i  am!  »un  aivwii 


l  *  I  « »  A  I  4  I  > 
t  I  -  I  A  A  ft  <  I  ■ 


i  *  p  * 


/  ?  -r 


APO  SP./Ntf 

Bolling  AJB,  DC  20352 


/pprov.'J 

distribution  u ... 


>  M 


■  »  »  1  I  M  »  »«  *  A  H  ,  • .  •  •  I 


¥  1  •  A  "111 


f  •  t  *  l » .  *  !  .  I  j  1  .  V  i  •  i  •  <  1  ’  1  i  .  -  .  i  i  •  ■ 1  l  '  ’  ‘  ,  * 

l  i  - '  <  \ ;  1  ■  •  .  /.  ■  « i  •  •  :  « ■  1 1 <  i  t  1 1  , » .  i  ’  ’  i  .  i  ■  !  ■  1 1  < « » .  t  k ■  *  \ 


A  i  •  »  i  i  ■  •  ‘  i 

l-'  p.ir.  !  »:  .*1  •  •  ,u  f  .  :■ 

rli.U  Mi  i  n  mi  i  n  * ■ »  . 
it;  I  !»'•  ,  o  ;  l  p  ;  t  » * ;  (  : »  ** . 

t  iit'Off  ms  nrt-  .»  !  r.n  j.  I  ,>vn 


•I*  i  l  ■  ’  »  '  .  i  !  1  " 

•  ‘  *  i  i  ■  {  ‘  . 

. ■  ■  l . .  1  . ‘ ’  !  «  1  l  ••  I  .  »  ; 

»;*■  i  -i  -  •'»;.!  i  t  i  •;  .  -  •  .  \  I 

'•*»;<  *'!  n  i  t  !.i  "  pi  «'*•  j  1  j  • 


r>D 


1473 


CHARACTER  1 7.  AT  t  OHS  OF  ORM'.RALI/.f.D  MARKOV -POLYA  AM) 
GENERALIZED  I'OI.YA-i.GGr.KBl'.RCER  DISTRIBUTIONS 


K.  C,.  JanAfdan*  and  r. .  Ra  ja  Kao 
Department  of  Mathematics  d  Statistics 
University  of  Pittsburgh 
Pittsburgh,  PA  15/60 


ABSTRACT, 

\ 

A  discrete  model  is  considered  where  tiio  original  observa¬ 
tion  is  subjected  to  partinL  destruction  according  to  the  gen- 
eralized  Markov-Folya  damage  model.  A  characterization  of  the 
generalized  Polya-Lggcnbcrgcr  distribution  is  given  in  the  con¬ 
text  of  the  Rao-Rubin  condition.  Several  other  characterization 
theorems  are  also  proved  concerning  these  probability  distribu- 
tions 
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generalized  T'olya-  i'ggenberger  distri¬ 
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l_. _ lUTKonur  i'in:: 

Urn  Models  are  readily  adapted  to  the  development  of  proba¬ 
bility  distributions  used  in  the  aualvsia  of  duplex  problems  in 
real  life  situations.  In  many  natural  phenomena  involving  indi¬ 
viduals  or  living  organisms,  tbe  probability  of  sure  ess  seems  to 
increase  or  decrease  with  the  number  of  kihtcsccs  or  failures. 
Thus,  with  the  aid  of  urn  models,  research  wethers  have  developed 
a  number  of  discrete  probability  distribution:-,  (sop  iohnson  and 
Kot^,  1977  ;  clip.  4)  when  the  prohnM  I  i  tv  of  snores. s  o1’  an  event 
is  a  linear  function  of  t'ao  number  of  sneer:-.*:*  s..  A::; one,  the  prin¬ 

cipal  researchers  who  have  used  urn  models  for  developing,  dis¬ 
crete  probability  models  for  contagious  events-,  Markov  (1°17) 
and  Polya  and  I  gger.hergcr  ( 19  ?  3 )  are  pioneers  in  rite  field. 

Following  bald's  (1960)  approach ,  Janardan  (IM.'.l),  and. 
Janardan  and  Schaeffer  (1977)  have  recently  considered  a  new 
three  urn  model  with  predetermined  s t  ml  ogv  and  have  derived  the 
generalized  Markov-Polya  (list  ribut 'on  (CMui)  model  (1.1)  for 

voting  in  small  groups  where  con  tat*  ion  i  -  present,  wi  thin  each 
group  and  the  group  loader  devisor,  so-e  •  t-v  -tee  i ,  f  o»-  |:  ring¬ 
ing  success  to  his  candidate: 


P(X=x)  =  (n)  a  1)  (a+b+nt )  (aJ  ::t )  ,r  '(!-.!  (n-s  )  t ''  ^  A,C^ 
X  (a+b)  (a+;:t)  (b-f  (n  -:■-)  t  )(;.•  h  ■  „i  )(n’rl 


(1.1) 


where  a>0,  b>0,  0<t<l,  c/0,  an-1  r  ~  1  ,v  t  -  n  this 

reduces  to  Markov- Polya  d {  stri ! •  t  i  i-”.  (•■•<■  •su-";on  ('■.')  of 
Johnson-Ko tz ,  197  7,  p.  .177),  ’•  li  i  >  '  i  :•  id*  •*  i'olya- 

Eggcnbcrger  d is tr ibu t ion . 


Tftc  CMi’i)  (1.1)  has  several  .interest  i ng  proper  t:  ips  and  a 
large  number  of  applications  (see  .Janardan  and  :Y hae f  for ,  t'-77 
and  Janardan,  1973).  Under  certain  limiting  omulitions,  the 
probability  distribution  (1.1)  gives  the  limit  in-,  fotn: 

(x  ,  r  ) 


P(S-  :< )  - 


h_(M  y.J. ) 

(T;  t  st. )  x  I*.  ' 


r  <  i  r 


t  |  -  I  M, 


0.2) 
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where  x-0,1,2....,  ii>0,  0-:  P-:  1  ,  O-'t-l  and  c/o. 

This  distribution  was  named  "The  genera li  ::iul  i’e  1  v.-i-l  gr.onborpor" 
distribution  (dPID)  !>y  .fanardan  (I'»7?)  since  reduces  to  the 

Polya- Lggcnberger  distribution  when  t  .j  fete  i.iri!  ,m<l  .Joshi, 

1968  p.  20). 

Situations  often  arise  where  the  original  ol-sereation  pro¬ 
duced  by  nature  undergoes  a  dost  ruct. i  v<.  ■  ;  rones:;  at:  l  what  is  re¬ 
corded  is  only  the  damaged  portion  of  the  a  e  to  el  forij-inal)  obser¬ 
vation.  This  pro!)  lent  was  first  breur-  •  >  <>  Mr.  hr  f-v  Mr  (J°63) 
when  lie  considered  the  resultant  node!  r  :r;  or  t  k-  o'.>::.-i  v.it  ions, 
produced  by  sone  prohahi  1  i  tv  node1,  vote  mined  bv  other  proba¬ 
bility  models.  Subsequently,  i'ao  ,-nd  iu'ein  (l-ndi)  |Vovrl  flint  if 
the  observnt ion  generated  hv  nature-  (dermt-d  v  r.v.X)  is  re¬ 
duced  to  V  by  a  binomial  destructive  process  atv.i  j ;  V  satis:  ics 
the  condition: 

P (Y=k)  =  P(Y=k/no  damage)  -  i’ ( V-  k/;nrt  in  1  dana-.u),  (1.3) 

then  the  original  r.v.X  must  have  the  Pnir-oe  d  i-rri  but  ion .  In 
the  literature,  this  result  is  i  novo  •  ;.hiu  oin-a-tor  i  ?ai'1  on 

of  the  Poisson  distribution  and  «•*>«■»  ro-  1  ;  •  :  on  f '  .  ■■)  :  y  .-a 'led 

RK-conditinn. 

In  this  paper,  we  consider  tlie  pen, era.  1  i  red  ilar  kov-Pol  ya 
distribution  as  n  donate  Model  subject  to  dP  eotid  if:  irn  and  char¬ 
acterise  the  general  iaed  Pol  ya  L  't'-.lit  -  <1  i  -  t  r  >’-tt  i  e-t  (f.Pi  a)  as 
a  model  of  con  tap  ion  for  the  pr.-bu- •  ie..  <•  c  va*  ;  ns  is  nature. 
In  addition  to  this  result  vlr  •  !•  »  •  ■>  t  •  •• 

prove  several  other  theorcr.ir.  which  nil."  t  he  r.  -lora  1  i  r.ed 

Markov-Polya  ami  genera  If  red  Polya  '.rgenbergej  d  isfoi'.'-t  turns. 

7. .  hot  at  to:;  /mi  :i  i  ;  -■ 

To  begin  with,  we  shall  •liscu:-;.  t  ,,o  nutation  and  two  identi¬ 
ties  required  in  this  paper.  Tin*  not r  ion  s'  m  j 

definitions  of  probnh  i  1  i  t  y  d  i  r  1 1  ' '  e  :  >  i  I  1.  uni  M  .  .  i  ,  sid  in 

SCfJUCl  Stands  for  the  asc  end  i nr  I  at  !  h  I 
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m(x»c)  =  m(r.i+c)  (n+2c) ...  (m+  (>:-]  )c) , 


tu  “  n  |  ni  ~  .1 , 


m^X*  m^X^=in(n\-l)  .  .  .  (tn-x+1)  , 


(2.1) 


n(x,+1)=  ntx  Lw(m+1)...(^A-1). 


From  Jannrdan  (1973),  ve  record  the  following  two  identities: 


n 

T.  J.  (A.t.c)J  .  (h.t.rl 
.  k  n-k 


t.c) 


where  J  (a,t,c)  =  a  (a-Hit )  ,c^/  (a+nt)n  I 

ar.d  JQ(a,b,c)  =  1. 

“  J  (A,t,c)Vk  -  < fA/c  with  V-d-kOl.^/c. 

k=0  k 


(2.2) 


(2.3) 


C.A) 


These  identities  can  be  derived  by  using  Lugrau  -o ' expansion. 
With  this  notation,  the  probability  dist.-n  ** f.  * ot;r:  (1.1)  nnl  (1.7) 
can  be  written  respect j vely  as 


P(X~x)  •-  J  (n,t  ,r).T 

x  n-y 


d  (; 

11 


,  c) 


(2 .  r>) 


r(x=x)-fy 


=  J  (h ,  t ,  c )  ( F/  r ) "  ( 1  •  !  ) 

X 


( !  1 1-  x  1 1  /  c 


(2.6) 


Jh _ CHAlVvCTr.U I i’.ATT o:d  1V5 j  ' _  OJ :  < i i  1  •  r .A1 .  1) ! Slight ■jjyys 

We  now  prove  the  following  i'm 

Tllhor.r::  1 :  If  ",  and  V  are  two  independent  random  variables 

having  the  generalised  Po  1  y a  - 1 onb ergo r  dir.tr  iout  ions  v i i  h  para¬ 
meters  (a,t.,c,P)  nn'l  (b,t,e,f?>  respect  ivdv,  then  the  condit  ional 
distribution  of  X  given  "+Y~n  is  n  genera  1 i fed  Harkov-To  1  ya  dis¬ 
tribution  as  given  in  (1.1). 

rnOOF :  by  definition  of  conditional  probability, 

P(X~x/X+Y- n)  =•  P(X-x,Yt  n->:)/r(xtV  ul 


.  (  ►  w-/  \X/1  (a+xt)/c  ,,  .  ....  (M-(n-x)t)/c  , 

J  (a,t,c)  (,./c)  (1-..)  ]{J  (!',  f  .(  )(.  /i  )  (1--.  )  J 

x  n-x 


”  [J  (.-.,t,c)(.l/c)x(l-.')(a4xt'1  1 

x  «  0 


(a ,  t  ,c.)  J^_  (h  ,  t  ,c) 

**  —  — -  ~ - 

l  Jx(a’t>C)Jn-x(b’t>C) 
x=0 

By  Identity  (2.2),  the  denominator  equals  .1  (n+h  ,t  ,c) ,  which 
proves  the  theorem.  The  following  theorem  gives  the  converse  of 

the  above. 

t 

THEORY  I  2:  l.et  X  and  Y  he  two  independent  discrete  r.v's  such 

that  the  conditional  distribution  of  X~x  given  XtY-n  is  the  gen¬ 
eralized  iiarkov-Polyn  distribution  given  hy  (1.1)  or  (?.’>)  tiien 
each  X  and  Y  has  a  general  i  r.ed  Polya-i ggenherger  distribution  as 

in  (1.2). 

PROOF :  By  hypothesis  of  the  theorem,  P  (!■>:■; /X  *-Y  =n)  is  given  by 

J  (a,t,c)d  (b,t,c)  J  (a,b,t,e)  which  is  nc  the  torn 
x  n-x  n 

o(x);j(n-x)/Y  (n)  with  n(x)  =  .T  (n  ,  t ,  r)  ,  r  (n-x) 

J  (b , t , c)  and  y(«)s  J  (a+b, 

n-x  n 

Applying  theorem  1  of  Janardan  (1°75),  we  get 

7”  X  7"  V 

f (x)  *=  pa(x)e  and  g(y)  ”  qn(y)o  ,  where  p.  ,q  and  r  are  sor.e 
positive  constants.  Rotting  <•'  '(l-.')  '  .  the  functions  "(•) 

and  g(*)  can  he  written  as 

f(x)  -  PJx(a,t ,e.)  ."(I-  d)  t 

g(y)  =  qJ  (b,t.  ,c)  C  (If)  ^ 

00  on 

Since  1  =  1  f  (x)  =  Z  g(v),  applying  the  identity  (7  .•'■),  we  get 
x-O  y=0 

»  ^  /  p  —  jq  j  p 

p»  (1-R)  *  '  and  q  ~  (1-f.)  '  complrt  ing  th"  proof  of  t  he  theorem. 


5 


THEOUIH  3  ■  If  a  non-negative  integer  random  variable  H  is 
sub-divided  into  two  components  II  .md  ^,  such  flint  the  condi¬ 
tional  distribution  r  (II  ~  x,  II,  -  n-x/Ibn)  is  the  rcncral  i  zed 

A  Li 

Markov-Polya  distribution  (2.5)  tlien  the  r.v’s  N,  and  II  are 

A  !i 

independent  if,  and  only  if, 11  lias  a  general  i  .nod  P  o  1  v  a  -  I'.g  g  e  ni  n;  r  - 
per  distribution. 

PROOF :  The  joint  probability  of  1’^  and  II  becomes 

J  (n,t ,c)J  (b,r,c) 

PIVx.a,^-x  )  -  .  !■<::-.)  .  (3.1) 

If  N  lias  a  general i;:cd  Pely.i-I.ggenberp.er  distribution,  then  with 
h  =  a+b ,  its  probability  function  is 

P(N=n)  =  J  (n+h.t.cHa  c)n(l-..)  (n+''+:lt  1  /r 

n  ,  {.-i ...  i 


a>0,  b>0,  0<t<I,  ct'O. 

Inserting  the  value  of  P(il-n),  wo  can  easily  write  (3.1)  n> 


PCNA=K,KB=n-x  ]  = 

(Me"-«(i.?)  o*<*-*Mh 

*=  P(Na  -  x)  P(N'r>  -  n  - 

Convcrselv,  if  M  and  II  are  independent  v.v’s  such  that  the 

a  r. 

conditional  distribution  or  -Mid  given  "  I-  II  ;i  is  the 

A  I-  i’. 

GHri) ,  then  II.  and  II  have  the  <•/*:>.  t:>  '  '  re.'  l’n  1  v:  i  y  ren'.-ei  d  i  s~ 
tributions.  This  foil  ows  from  theorem  ?  . 

THF.OUill  4:  JT  X  and  Y  arc  two  i ndepondont  r.v's  defined  on  non- 

— - -  (.j 

negative  integers  suc.li  that  "(X“x)  -  f  (::)•■  0 ,  f  (>:)  =-■  ]  and 

x-o 


P(Y=y)  -  R(y)>0, 


F.  p, (y)  ~  1  and  further  if  for  r  Mi  -  A, 
n  n  II 

y=0 


l*(X=k/X+Y=n)  = 
n.  a  h  (A+nt)(a  +kt)(k,c)(li  H(n-k)t(n'1',r) 


(u.  o 

k>  s-s 


(a  +kt)  (b  +(n-k)t)  A(A+nt) 

n  n 


(n  ,c ) 


(3.3) 


for  k  =  0 ,1 ,2 , . . . ,n . 


0  for  k>n 


Then  (i)  a  is  independent  of  n  and  equals  a  constant  a  for 
n 

all  values  of  n,  and 

(ii)  X  and  Y  must  have  genera  1  i  !  !'oJ  ya-i  y’.onhcrger  di  s¬ 
tributions  with  parameters  (a,t,c,f.)  and  (b.r.c.d)  respect ivoly. 
PROOF:  Since  X  and  Y  are  independent  Vr.v'.';  v  have 


r(x=k/::-; •>:-.)  =  f  (k)r. (n-i.) /  '  f  (;.)r. (n~k)  . 


(3.4) 


Using  (3.3)  and  (3.4)  vc  can  derive  the  functional  relation  (3.3) 


f  (k)-,(n-k) 
f  (k-  J.)|Ut>-k+l) 


and  n>1  : 

(.1  !■  ft 

;  )  t )  '  '  (an‘  ! 

)?)fh  i(n-k ‘1.' 

n 

>  •!  (n-  kino  u'  '  ’■ '  ‘ 

n 

■  (a  -0:t)(b  1  (: 
n  n 

liv  r. 1  1  in  (3  .  r~  1  an, 

!  dividing  ’.lie 

,-o  get  re-*  l)f(: ■-!)/ 

'  f‘  (k)  on  the  . 

(3.3) 


k  (a. 


mg  expression  by  id., 
aide  and  a  very  complex  untidy  e::pr  east .v  o--  t  r  tgaf  riao. 
Since  the.  left  side  is  indepr:  d<  »*.t  o'  >• .  :  ne  1  -t 
also  be  independent  oi  n.  iliu.;,  '*  '  H-‘ 1  '’n' !>  ! 

all  n,  and  hence  ignoring  the  subscript  on  a  s  ae.d  I’  a  vo  '.'ill 

hnvc  f  (k-t-l)f  (k-l) 
f2(k) 


k  (a-f(k-l)t)  (k~1  ,C)  (a+(kH)t  )(,'n_' C \a  ‘ f  t  ) ‘ 
k+1  (n+(k-l)t)(a+(k'])r.)[(atki  I 


which  by  continued  substitution  lor  I; 


(3.6) 

■-  t  r>  .  .  (n— 1)  .  and  ran  1  t  i  p- 
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lication  together  yields 


£  (n)f  (0)  =  _l  (nhu)(n,r) 

f  (n-l)t  (1 )  n,  n(ntvtt-)  (a4  (n-i)t  > 

Setting  E  =  f(l)/f(0)n,  the  recurrence 

f(n)  _  B  (n+nt)(n,c)(n+(n 
n!  (a+nt )  (a  t  (n-  1. ) !. ) 


IJ_U_ 

(a- I  , r  ) 


relation  (3.7) 

-1H) 


(n  1  ,c) 


f(n-l). 


(3.7) 


becomes 


(3.8) 


which  is  true  for  all  integral  n.  Thus, 


f  (n)  =  Bna (a+nt)  ,C ^  f  (’j)  /  (a ‘ nt )  n! 


CO 

Since  f.  f  (n)  -  1,  the  series  (3.°)  nur-t  eonvergi^ 
n=0 

the  unknown  positive  quantity-  he  equal  to  f?  / c 
0<6<l,t>0,  and  c  5s  0.  Thus, 


to  uni  tv . 


( 


(3.9) 

he  t: 


,  ,  .  (n , c )  ,  n  , 

z  - (+■)  (i-r)nL/cf (o) 

n=0  UTunt)n.  c 


By  applying,  identity  (?..4),  wc  can  cv+lv  nr.o  that  r  (•">)  - 

(1-p)'a/c  and  f(x)  -  J  (a ,  t ,  c, )  ( v  /  c  )  :  ^  ‘ r ^ ’  , 

which  proves  that  the  r.v.X  is  d  5  s  t.r  ’  hu  t  ed  a<-.  t  i  i  o  rhTi)  with 
parameters  (a,t,o,f>).  By  putting  k-1  in  (3.5),  one  can  easily 

see  that 

g(n)  _  Js  (hint )  ^n*<  (k  1  lit) 
g(n-l)  n!  (lrtiit  i  fl>  !(•-.- 1  1 


Hence  g(n)  -  Iinh  (h+nt)  ’ r  ^  g  (0)  /  0> !  n  t )  r,  1 

w  ,-b/c 

and  the.  fact  T.  g(n)  =  1  will  swailnriv  give  g (■  i )  =  ( 1  -B *  for 

n=0 

,  .  X  t/c 

B  =  (G/c)  (1-f.)  .  Thus,  the  r.v.','  trust  he  the  CPU)  with  para¬ 

meters  (b,t,c,G). 

nniAKil :  It  was  shown  in  theorem  3  ,  t+ar  if  "  and  V  are  inde¬ 

pendent  generalized  Polyn-Tggeid'ergor  random  var  i  ah  1  os  ,  th^n  the 
conditional  distribution  of  X  given  1  V  is  general  i  god  har!  oy- 


fl 


Polya  distribution.  Tfui  ab^v°  t'v'orcn,  v/hi»h  war»  r :uif  ivat.cd 
by  theorem  1  of  Chatterji  (lf|f.  h  'Jmv:.  t!  •  .»  forn  of  this 

property  characterises  r1, 

'• .  eiiAiRACTr.ui;:.\TH):;  Tinioixts  r.vi.:'  <>::  n.::  r:< i  r 7  v. 


Let  (a  ,  \ )  ho  a  random  vector  ot  nou-ivgnt  i ve  intccor~valucd 


components  such  that 


P  (X~n  ,Y~k)  -  f  S(i/n) 
n 


(4.1) 


where  {fn  :  n=0,l,2,...}  and  {S(l:/n>:  1  -  ,2 . n}  for  each 


n>0  arc  di; 


probability  <1  i  t  r  i  i  ur  i  ri:;; .  That  is,  the  r.ai 


ginal  distribution  of  X  is  { f  1  and  for  each  n~e'1  vir:>  "  Ml  the 

n  -  r  ' 

conditional  distribution  of  V  given  X=n  is  ;S(l/n):  1  “  ) ,  1 , 2  ,  .  .  .  ,n  } 
Fur  thor , 


P{Y=k/no  damage }  -  f  S(i./k)/  V  f  ffi/i) 


(4.2) 


P{  Y=k/  damaged }  -  X  f  f.(k/n)/  X  X  r,(i/n).  (4.3) 


n~k+l 


k  - • )  n-k'-i 


THEOREM  5:  If  a  r.v.X  defined  on  nor-uvna?  Ir.f-rv-rs  is  dis¬ 
tributed  in  nature  as  n  OPI'iJ  (r.  ')  r«  •  pen.  (.>•”>,*  ,o,.') 

and  if  it  is  damaged  and  reduced  to  k  by  the  (1.1)  and 

further,  if  Y  is  the  resulting  rar.do-i  variab’e,  t  hen  (i)  P.P. 
Condition  (1.3)  is  satisfied,  and  ( i  i  1  '•■is  a  with  parameters 

(a,t,c,3) . 

On 

PROOF:  I*(Y*k)  -  i;  fnf>(I;/n)  !»mv; .  ;f  ■  n  - 

n-k 


Z  [J  (a+b,t,c)(3/c)n(l-r.)  ('v'  !:,r  )/r  ( a  . !  ,  c  )d  .  (b  ,  t  , 

n=k  °  k 


c  )  'd  _  (a-)  b  ,  t ,  c )  ] 


-J.  (n,t,c)(?./c)k(l-r.)(a+1:t)/cf  X  J  (h,t,c)(f/r)n*',:(l-?)(V!'(n",')t)/c  ] 

n  =  k 

■  Jj.(  a,  t  ,c)  (  e/c)k(  1-r)  ^n4'  r'  ^  'r  s:  nee  the  rf  !!■/■  t<rm;  in  t  be 

square  brackets  is  one. 


From  liquation  (4.2), 

F(Y=k/no  .l.-umRo)  =  J  (a ,  t  ,<: )  (f/r ) ''  ( 1  •  . .)  ( '  * ‘  ) /<:  -  P(Y-h 
From  equation  (-'*.3), 


P (Y=k/ damaned) 


Jv  (a  ,t  ,c)  (: 


/c)'  (I-:') 


(a  *  ’ 


l  /c 


T.  .1 ,  (  a  ,  t ,  c  )  (  f  /  r  ) '  (1  - .  ) 
k--0 


‘’  I  V/r 


=  P(Y-k)  . 

TIIEORH!  6 :  Let  X  he  a  non-ncp.nt.ive  i  ttt<vyr-v.ilu<-  r.v.  an! 
the  probability  that  an  observation  r.  of  R  is  reduced  to  k 
a  destructive  process  be  eiven  bv  the  C-MPD : 

S(k/n)  =  J  (a,t,c)d  ,  (h,f,c)/J  (1,r,c), 
r  n~R  n 

for  0<«a<l,  a+b=l,  0<t<l,  c>0,  ami  1  -0,1,1,..  .  n .  If  the  re 
r.v.  Y  is  sue!)  that  it  satisfies  the  RR-f.ond  i  r. :  on  (1.3),  the 
has  a  C FED  witli  parameters  (1,r,e,;‘). 

PROOF :  The  RR-Condition  is  equivalent  to 


F  f  S(k/n)  =  f.  F  (k/k )  /  f.Sfi/i), 
,  n  k  .  n  ) 

n=k  j-"0 

where,  f,  ~  F(X-k).  This  fives 
k 


en 


Y  f 
n~k 


n 


J  (a ,  r  ,c )  Jn_[  O' ,  t  yc.] 


Jn(l,r,c) 


f fa. f  .el  'J,  (1  , t , r ) 


T.  f  ..I.  (n,  t,r  >/.?.<  7  ,  f  ,c) 

.1-0  1  1  •> 


settinp,  n~k+s  and  concellinp,  J  (a,t.,e)  on  bntli 

K 


pet 


CD 


F.  f 
s^O 


l:+S 


J  ^  (b  ,  t ,  c) 
Jk+s(I ,L ,c) 


f,  ,/J|  ,(l.t,c) 

on 

y.  f  .1  (a  ,  f  ,r  )  /  f .  (1  .  t  ,  r ) 

-n  .1  -1  1 


). 


let 

ilur  inp, 


suiting 
n  a 


(A.  A) 


(4.5) 
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(A.  6) 


Define,  f  =  r(k)JR(l ,  C  ,c)\, 

for  all  integral  values  of  k,  where  V  ir,  some  arbitrary  quantity 
to  be  set  later.  Substituting  (4.0)  in  (4.5)  we  get 


i+c  l-  i 

T.  F (k+s) J  (b,t,c)VK^s  =  1" (k)V  /7.  F(|)J  (a,t,c)VJ 

5  =  0  *  .1-0  ' 


(4.7) 


I.et  G(az,t)  =  T.  F(k)J  (az,t,c)v  , 
k“0 

where  -  <z<  «>  so  that  0(0, t)  -  F(0)  anci  0(1,  t)  =  3. 

Multiplying  both  sides  of  (4.7)  by  J,  (a  z  ,  L  ,  e )  and  sunning  over  k 

»; 

from  0  to  <»  (4.3)  becomes 


I  F(n)V  {  z  J.(az,t,c)J  .  (b,t,c)}  =  G(nz,t)/r.(a,t) 
a  j  i~»  k  n-k 

n=0  k~0 


(4.9) 


By  identity  (2.2)  the  inner  sum  on  the  left  side  of  (4.9)  is 
equivalent  to  J  (az+b ,t ,c) ,  and  hence  (4.9)  given  the  bivariate 


functional  equation: 


G  (az+b  ,  t)r.  (a  ,  t  )  --  0  (.->•>.  ,  l)  . 


(4.10) 


Clearly  G (a+b , t)  =  G(l,t)  =  1.  Sett. ing  x-  a O-l )  and  h-l-a 
(4.10)  gives 

G(x41,t)G(a,t)  -  0  (>:-!  a  .  t )  (4.11) 

Setting  <f,  (x)  =  G(x+l,t),  and  n-l-y  (4.11)  ro. luces  to  the  Cauchy 

functional  equation,  yS  (:<)  d-  ( y )  =  -  ■:(y1v''.  ••••«  non r  i  v  i  a  1  :.<>lu  - 

\  x  N  \  f  '•  |  ^ 

tion  is  ftiven  by  f(x)  ~  <?  .  Thus,  •  \  \jc:\  } «;  r  .h?* 

probability  generating’ function  of  the  Poisson  d  i  r.t  i  i  but  i  on  . 

—  \  c  —  *  t 

Now  replacing  x  by  az,  assigning  a  value  (l-o  )e  -  / c  to  V , 
using  the  definition  of  G(az,t),  wc  get 


e^a?‘  =  y.  F(k)e*J,  (az , t ,c) 
k=0 


(4.32) 


To  determine  the  value  of  F(k),  consider  i bo  identitv  (3.4)  with 
““  Xc 

A  =  az  and  w  =  e  ’  which  gives 


1 1 


Subtraction  (4.13)  from  (4.12), 


0  -  E  [F(k)oX-l  U  (aa.t.c)  Vk  (4.14) 

k~0  K 

Since  (4.14)  is  true  for  all  values  of  \ ,  it  is  obvious  that 
F(k)^c  X  for  all  k.  Hence,  by  definition  (4.6),  v:e  pot 

f(k)  =  F (k)  J,(l,t,c)  Vk 

=  e  XJ^(1 ,  t  ,c)  [o.  At(l-e  °)/c  f' 

=  J}.(l,t,c)(C/c)k(l-:)(1+kt)/c 

with  ,.  =  l-c  . 

That  is,  X  has  a  CI’fD  with  parameter  (l,t,c,,3). 
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